The Ruijsenaars-Schneider systems are 'discrete' version of the Calogero-Moser (C-M) systems in the sense that the momentum operator p appears in the Hamiltonians as a polynomial in e ±β ′ p (β ′ is a deformation parameter) instead of an ordinary polynomial in p in the hierarchies of C-M systems. We determine the polynomials describing the equilibrium positions of the rational and trigonometric Ruijsenaars-Schneider systems based on classical root systems. These are deformation of the classical orthogonal polynomials, the Hermite, Laguerre and Jacobi polynomials which describe the equilibrium positions of the corresponding Calogero and Sutherland systems. The orthogonality of the original polynomials is inherited by the deformed ones which satisfy three-term recurrence and certain functional equations. The latter reduce to the celebrated second order differential equations satisfied by the classical orthogonal polynomials.
Introduction
Exactly solvable or quasi-exactly solvable multi-particle quantum mechanical systems have many remarkable properties. By definition, the entire (or a part of the) spectrum and the corresponding eigenfunctions are calculable by algebraic means. The corresponding classical systems share also many 'quantum' features. For example, the frequencies of small oscillations near the classical equilibrium are 'quantized' together with the eigenvalues of the associated Lax matrices at the equilibrium. These phenomena have been explored extensively for multi-particle dynamics based on root systems, in particular, for the Calogero and Sutherland systems [1, 2, 3] by Corrigan-Sasaki [4] . Similar phenomena are also reported by Ragnisco-Sasaki [5] for Ruijsenaars-Schneider systems [6, 7, 8, 9] , which are deformation of C-M systems.
In this paper we will discuss one special aspect of the classical equilibria of exactly solvable systems based on classical root systems, the rational and trigonometric Ruijsenaars-Schneider systems. Namely, the determination of the equilibrium positions and their description in terms of certain polynomials. It is known that for the Calogero and Sutherland systems, the equilibrium positions are described by the zeros of the classical orthogonal polynomials, ie the Hermite, Laguerre, Chebyshev, Legendre, Gegenbauer and Jacobi polynomials [4, 10, 11] .
The Ruijsenaars-Schneider systems are 'good' deformation of the Calogero and Sutherland systems. Here is one interesting evidence. It was known [12] that the singular vectors of the Virasoro and W N algebras, in the free field representation, are related to Jack polynomials [13] , the quantum eigenfunctions of the A type Sutherland systems. The deformed Virasoro and W N algebras were discovered by using the relation between the Sutherland system and the trigonometric Ruijsenaars-Schneider system of the A type root system [14] . Therefore it is expected that equilibrium positions of the rational and trigonometric Ruijsenaars In Ragnisco-Sasaki paper [5] , based on numerical analysis, the explicit forms of the lower degree members of the one-parameter deformation of the Hermite and Laguerre polynomials were presented. The present authors continued the numerical analysis and obtained the explicit forms of the lower degree members of the one and/or two-parameter deformation of the Hermite polynomial, one, two and/or three-parameter deformation of the Laguerre polynomial, one-parameter deformation of the Jacobi (and Gegenbauer and Legendre) polynomials. They are also polynomials, or rational functions in the deformation parameter(s) with integer coefficients.
Remarkably the orthogonality of the original polynomials is inherited by the deformed ones. The equations determining the equilibrium can be reformulated as functional equations determining the polynomials. These functional equations are difference analogs of the celebrated second order differential equations satisfied by the classical orthogonal polynomials.
Three term recurrence for the deformed polynomials, the necessary and sufficient condition for orthogonality, can be derived from these functional equations. Dynamical stability of the Hamiltonian system, or bounded-from-belowness of its potentials, is achieved by restricting the parameter space of the coupling constants, usually by positive coupling constants, which in turn guarantees the positive definiteness of the inner product governing the orthogonal polynomials, the deformed as well as undeformed. These deformed polynomials are not the so-called q-deformed versions of the above classical polynomials [15] . This paper is organized as follows. In section 2, first we recall the essence of the CalogeroSutherland systems and their equilibria, which are described by the Hermite, Laguerre and Jacobi polynomials. Next the Hamiltonians and potentials of the Ruijsenaars-Schneider (R-S) systems are briefly recapitulated, and two types of the rational systems and one trigonometric systems for the classical root systems are introduced. Then the equations for their equilibrium positions are written down. For later use we review the relation between the orthogonal polynomials and the three-term recurrence. Section 3, 4 and 5 give the main results of this paper. In section 3 we determine the equilibrium positions of the rational R-S systems for the A type root system and the deformation of the Hermite polynomial is presented. For one parameter deformation case, we derive the explicit forms of the generating function and the weight function of the inner product. In section 4 equilibrium positions of the rational R-S systems for B, C, D, BC type root system are determined and the deformation of the Laguerre polynomial is presented together with the explicit forms of the functional equations and three-term recurrence. In section 5 equilibrium positions of the trigonometric R-S systems for the B, C, D, BC type root system are determined and the deformation of the Jacobi (and Gegenbauer) polynomial is presented together with the explicit forms of the functional equations and three-term recurrence. Classical orthogonal polynomials, eg, the Hermite and Laguerre, satisfy many interesting identities among themselves. Those having a root theoretic explanation (folding) are shown to be preserved after deformation. Final section is devoted to summary and comments. Identification of the deformed orthogonal polyno-mials within the so-called Askey-scheme of hypergeometric orthogonal polynomials [16] is reported here. The relation between the functional equation and the three-term recurrence is discussed in the Appendix.
Potentials and Equilibrium Positions
In this section we set up models and present the equations for their equilibrium positions.
We consider a multi-particle classical mechanics governed by a classical Hamiltonian H(p, q).
The dynamical variables are the coordinates {q j | j = 1, . . . , r} and their canonically conjugate momenta {p j | j = 1, . . . , r}. These will be denoted by vectors in R
in which r is the number of particles (and it is also the rank of the underlying root system ∆ except for the A case). The canonical equations of motion arė
The equilibrium positions are the stationary solution
in whichq satisfies
We will discuss Ruijsenaars-type models associated with the classical root systems, namely the A r−1 , B r , C r , D r and BC r . The fact that all the roots of the classical root systems are neatly expressed in terms of the orthonormal basis of R r makes formulation much simpler than those systems based on the exceptional root systems. The sets of positive roots of the classical root systems are
where {e j } is an orthonormal basis of R r . The subscripts L, M and S stand for long, middle and short roots, respectively.
It is well known that the non-simply laced root systems are obtained from simply laced ones by folding. In the present case, the relevant ones are:
At the level of the dynamical variables and Hamiltonians, the above foldings are realised as:
Calogero and Sutherland Systems
For later comparison, we summarise the Calogero and Sutherland systems associated with the classical root systems only, namely the A r−1 , B r , C r , D r and BC r .
The Hamiltonian of the classical Calogero and Sutherland systems is 8) where the classical potential V C is given below explicitly. For all cases this classical potential V C can be written in terms of the prepotential W (q) [17] 
The equations for the equilibrium positions (2.3) reduce to the following equations:
(2.10)
Calogero Systems
The classical potential V C and prepotential W are
11) 12) where ω is the (positive) frequency of the harmonic confining potential and g ρ are real positive coupling constants depending on the length of the roots. They are: one coupling g for all roots for the A r−1 and D r , two independent couplings g L and g S for B r and C r corresponding to the long and short roots, respectively. These conventions are the same for all other types of potentials considered in this paper. For example, the C r model is
log |2q j | .
There is no distinction between the rational B r and C r models because of the replacement
The D r model can be considered as a special case of the B r with g L = g and
The systems obtained by folding (2.5)-(2.7) have a special ratio of couplings. They are
The equations for the equilibrium position (2.10) are
14)
16)
They determine the zeros of the Hermite and Laguerre polynomials. In other words, if
we defineq j = g ω y j for A r−1 , then the polynomial having {y j } as zeros is the Hermite polynomial [10, 18, 4] :
− 1 then having {y 2 j } as zeros is the Laguerre polynomial [10, 18, 4] :
For the D r root system, it is the Laguerre polynomial L
The identities between the Hermite and Laguerre polynomials 21) are well-known. The former identity (2.20) for the even degree Hermite polynomial can be understood as a consequence of the folding of the root system A 2r−1 → C r , see (2.5).
Likewise the latter identity (2.21) for the odd degree Hermite polynomial can be understood as a consequence of the folding of the root system A 2r → BC r , see (2.7). Next let us consider the folding D r+1 → B r (2.6), which leads to the identity [4] among the Laguerre polynomials of different indices:
We will see that these identities (2.20), (2.21) and (2.22) are also nicely deformed with one parameter (4.46), (4.48) and (4.50) and with two parameters (4.47), (4.49) and (4.51).
Sutherland Systems
The classical potential V C and prepotential W are (except for V C of BC r )
23)
where g ρ are real positive coupling constants. The classical potential V C of the BC r model is given by
27)
28)
The equilibrium positions of the A r−1 model are related to the Chebyshev polynomial and those of the other models are related to the Jacobi polynomials.
For the A r−1 , the equilibrium positions are "equally-spaced " and translational invariant,
We choose this constant shift ξ such that the "center of mass" coordinate vanishes, r j=1q j = 0:
Then the degree r (the dimension of the vector representation) polynomial in x, having zeros at {sinq j },
is the Chebyshev polynomial of the first kind, T n (cos ϕ) = cos(nϕ).
For the solution {q j } of the BC r (2.29), cos 2q j is the zero of the Jacobi polynomial
It is easily shown thatq
−q j satisfies (2.29) with α ↔ β, which implies P
For the solution {q j } of the C r (2.28), cos 2q j is the zero of the Gegenbauer The known identities between the Chebyshev and Jacobi polynomials and between the Jacobi polynomials can be understood as consequences of the folding:
We will see in the following that the first two identities are not deformed but the third one is nicely deformed (5.53).
The Gegenbauer polynomial and the Jacobi polynomial are also related by the quadratic transformations :
However these identities do not seem to have a folding type explanation. Indeed the deformed
) n (x, δ) (5.26) and the deformed Jacobi polynomial P (α,β) n (x, δ) (5.2) do not satisfy this type of identities for generic δ.
Ruijsenaars-type Systems
Following Ruijsenaars-Schneider [6] and van Diejen [7] , the Hamiltonian of the Ruijsenaars systems is (the deformation parameter β ′ of e ±β ′ p is set to unity, β ′ = 1)
The form of the function V j = V j (q) and its complex conjugate V * j are determined by the root system ∆ as :
The elementary potential functions v and w depend on the nature of interactions (rational, trigonometric, etc) and the root system ∆. Their explicit forms will be given below. When V satisfies the simple identity j V j (q) + V * j (q) = const. , the Hamiltonian (2.42) could be replaced by a simpler one By expanding the Hamiltonian around the stationary solution (2.2), we obtain
and the 'potential' P is given by
This should be compared with the classical potential in the Calogero-Sutherland systems (2.9). It is obvious that the equilibrium is achieved at the point(s) in which all the functions V j become real and positive:
The equilibrium point is the absolute minimum of the potential P . The system of equations (2.48) is invariant under any permutation of {q j }. For v and w considered in this paper, they are also invariant under the transformation q → q ′ = −q. Except for the A case, they are also invariant under the transformation q → q
The functions v and w considered in this paper have properties
which allow the folding (2.5)-(2.7) of the Ruijsenaars type Hamiltonians:
The folded systems (2.50), (2.51) and (2.52) correspond to the folding A 2r−1 → C r , A 2r → BC r and D r+1 → B r , respectively. The coupling constants in these folded systems are not independent as shown in (2.13).
Ruijsenaars-Calogero Systems
The first example to be discussed is the 'discrete' analogue of the Calogero systems [1] , to be called the Ruijsenaars-Calogero systems, which were introduced by van Diejen for the classical root systems only [7, 8] . The original Calogero systems [1] have the rational
(1/(distance) 2 ) potential plus the harmonic confining potential, having two coupling constants g and ω for the systems based on the simply-laced root systems, A and D, and three couplings ω and g L for the long roots and g S for the short roots in the B and C root systems.
Two varieties (deformation) of 'discrete' Calogero systems are known. The first has two (three for the non-simply-laced root systems) coupling constants g (g L and g S ) and a which corresponds to ω in the Calogero systems. The second has three (four for the non-simplylaced root systems) coupling constants g (g L and g S ) and a, b both of which correspond to ω. The integrability (classical and quantum) of these systems was discussed by van Diejen in some detail [7, 8] . The former can be considered as a limiting case (b → ∞) of the latter.
Linear Confining Potential Case
The dynamical system is defined by giving the explicit forms of the elementary potential functions v and w. For the simply-laced root systems A and D they are:
in which a and g are real positive coupling constants. For the non-simply-laced root systems B, C and BC, we have: cases the 'potential' P (2.47) grows linearly in |q| as |q| → ∞. Except for the BC case, there are simple identities : j V j (q) + V * j (q) = const. In the limit of small coupling constants, namely, by recovering the deformation parameter
and taking β ′ → 0 limit, the Hamiltonian (2.42) tends to that of the corresponding classical Calogero system (2.8)
It is interesting to note that the equations determining the equilibrium (2.48), in general, can be cast in a form which looks similar to the Bethe ansatz equation. For the elementary potential (2.54)-(2.57), the equilibrium positions {q j } are determined by:
In the above small coupling limits, these equations reduce to (2.14)-(2.17). Thus the Bethe ansatz -like equations (2.60)-(2.64) would give deformation of the Hermite and Laguerre polynomials, as we will see in section 3.1 and 4.1. They are not the so-called q-deformed
Hermite or Laguerre polynomials [15] .
Quadratic Confining Potential Case
In this case the elementary potential function v is the same as before, but w is different. For the simply-laced root systems A and D, the elementary potential functions are:
For the non-simply-laced root systems B, C and BC, we have (g L , g S , g 0 , g 1 , g 2 > 0):
The D model can be considered as a special case of the B model by g L = g and g S = 0.
The B and C models are special cases of BC model. As in the previous case, the forms of A r−1 :
69)
70)
They define another type of deformation of the Hermite and Laguerre polynomials, since the small coupling limit of the above Bethe ansatz-like equations gives the same equations as before (2.14)-(2.17), determining the zeros of the Hermite and Laguerre polynomials, with
. These will be discussed in sections 3.2 and 4.2.
Ruijsenaars-Sutherland Systems
The discrete analogue of the Sutherland systems [2] , to be called the Ruijsenaars-Sutherland systems, was introduced originally by Ruijsenaars and Schneider [6] for the A type root system. The quantum eigenfunctions of the A type Ruijsenaars-Sutherland systems are called Macdonald polynomials [19] , which are a one-parameter deformation (q-deformation) of the Jack polynomials [13] . Here we will discuss the Ruijsenaars-Sutherland systems for all the classical root systems, A, B, C, D and BC [8] . The structure of the functions {V j (q)}, The elementary potential functions v and w are: The original Sutherland models are obtained in the limit in which all the coupling constant(s) become infinitesimally small. By recovering the deformation parameter β ′ ,
and taking β ′ → 0 limit, the Hamiltonian (2.42) tends to that of the corresponding classical Sutherland system (2.8)
In 'strong' coupling limits, g, g L , g M , g S → +∞, the elementary potential functions v and w take simple forms:
The deformed polynomials take simple forms in this limit as we will see in section 5.
The equations (2.48) determining the equilibrium positions {q j } for the elementary potential (2.74)-(2.79) are expressed in a form similar to the Bethe ansatz equation:
, (2.84)
85)
From the property mentioned after (2.48) and the fact that (2.83)-(2.89) are the equations of {tanq j }, we can restrictq j to 0 ≤q j ≤ π/2 (except for the A r−1 case). 
Orthogonal Polynomials and Three Term Recurrences
It is well known that orthogonal polynomials satisfy three-term recurrence [18, 20] and conversely a sequence of polynomials satisfying three-term recurrence are orthogonal with respect to certain inner product with some weight function. Here we will introduce appropriate notation by taking the classical orthogonal polynomials as examples.
Let {f n (x)} ∞ n=0 be a sequence of orthogonal polynomials with real coefficients. That is f n (x) is a degree n polynomial in x and they are mutually orthogonal (f n , f m ) = h n δ n,m (h n > 0) with respect to an (positive definite) inner product (f,
Then f monic n (x) satisfies three-term recurrence :
where we have set f monic −1 (x) = 0 1 , and a n (n ≥ 0) and
are real numbers. The constants a n , b n and h n are given by
Namely f n (x) satisfies the three-term recurrence
For a n = 0 (n ≥ 0) case, f n (x) has a definite parity, f n (−x) = (−1) n f n (x), and the constant term of the even polynomial is
Conversely, if {f n (x)} is defined by the three-term recurrence (2.90), namely, real numbers a n (n ≥ 0), b n (n ≥ 1, b n > 0) and c n (n ≥ 0, c n = 0) are given, then {f n (x)} is a sequence of orthogonal polynomials with respect to some (positive definite) inner product (· , · ).
In the rest of this subsection we summarise the three-term recurrence, generating functions, differential equations, etc for the Hermite, Laguerre and Jacobi polynomials for later comparison with the corresponding quantities of the deformed polynomials.
The Hermite polynomials H n (x) (2.18) are orthogonal with respect to the inner product
e −x 2 dx, (h n = 2 n n! √ π) and satisfy the three-term recurrence (2.90) with a n = 0,
94)
The generating function and orthogonality are
The Laguerre polynomials L (α)
n (x) (2.19) are orthogonal with respect to the inner product (f, g)
x α e −x dx, (h n (α) = Γ(α + n + 1)/n! , Re α > −1) and satisfy the threeterm recurrence (2.90) with
The Jacobi polynomials P (α,β) n (x) (2.34) are orthogonal with respect to (f, g) =
) and satisfy the three-term recurrence (2.90) with
The Gegenbauer polynomial C (α+ 1 2 ) n (x) (2.35) is a special case of the Jacobi polynomial
The Chebyshev polynomial of the first kind T n (x) is also a special case of the Jacobi polynomial T n (x) = 2
The differential equations of the Hermite, Laguerre and Jacobi polynomials are 
and introduce a degree r polynomial in x having zeros at {y j }:
It is a deformation of the Hermite polynomial (2.18) such that
If {q j } is a solution of (2.60), so is {−q j }, which would imply that the deformed polynomial H r (x, δ) has a definite parity
as with the original Hermite polynomial H r (−x) = (−1) r H r (x).
The equation for the equilibrium (2.60) can be written as (we replace r by n)
From this equation, we obtain the following functional equation for H n (x, δ) (n ≥ 1), 6) because the LHS is i times a degree n polynomial in x with real coefficients which vanishes at x = y j . Here A n = A n (δ) is a real constant. This functional equation contains all the information of the equilibrium. The number of unknown coefficients (coefficient of x k term of H n (x, δ) (k = 0, 1, . . . , n − 1) and A n ) and the number of equations (coefficient of x k term of (3.6) (k = 0, 1, . . . , n)) are both n. The constant A n is determined by the coefficient of x n term of this equation,
The functional equation (3.6) can be written as a difference equation,
where D x,h is a (central) difference operator,
In the δ → 0 limit, (3.6) reduces to the differential equation of the Hermite polynomial (2.102).
The uniqueness (up to normalisation) of the solution of the functional equation (3.6) is easily shown (Proposition A.1). Therefore it is sufficient to construct one solution of (3.6) explicitly. This is done by using the three-term recurrence (see Appendix). The result is as follows; The functional equation (3.6) implies that the deformed Hermite polynomial H n (x, δ) satisfies the three-term recurrence (2.90) with a n = 0,
Since δ is positive in this case (3.1), b n is also positive. Therefore H n (x, δ) is a set of orthogonal polynomials with respect to some positive definite inner product.
Here we present another derivation of this three-term recurrence. Let us consider the generating function
which satisfies
as a consequence of the three-term recursion (3.11) . This linear differential equation with the initial condition G(0, x, δ) = 1 can be easily solved and we obtain
In the δ → 0 limit, this generating function tends to that of the Hermite polynomial (2.96),
The functional equation of G(t, x, δ) is obtained from (3.6):
Since the solution of (3.6) is unique (up to normalization), it is sufficient to show that (3.14)
satisfies this functional equation. This can be easily verified by explicit calculation, in which the following formula derived from (3.14) is useful,
The explicit form of the inner product (f, g) =
w(x, δ)dx , ie the weight function w(x, δ) is determined by using the generating function. Here we list main results only without derivation. Let us fix its normalisation by (1, 1) δ = √ π. From the general theory (2.91), the orthogonality of
which leads to
Here we have used the identity
The weight function is expressed as
The undeformed limit of the weight function lim δ→0 w(x, δ) = e −x 2 can be verified by using the asymptotic expansion of the Γ-function. The Taylor series of w(x, δ) in powers of δ reads 
which is a deformation of
Remark : We may take the three-term recurrence (3.11) as the definition of the deformed
Hermite polynomial H n (x, δ) for an arbitrary (complex) parameter δ. Then H n (x, δ) is a polynomial in x of degree n and in δ of degree [
] with integer coefficients. We will not repeat similar remarks which are valid for almost all of the deformed polynomials in this paper.
Quadratic Confining Potential Case (2 Parameter Deformation)
For the solution {q j } of the A r−1 equation (2.69), let us definē
It is a further deformation of the deformed Hermite polynomial defined previously,
The symmetry between the two parameters a ↔ b is expressed as
, δ, ε), then this symmetry is more manifest,Ĥ r (x, δ 1 , δ 2 ) =Ĥ r (x, δ 2 , δ 1 ).
The equation for the equilibrium (2.69) can be written as (we replace r by n)
From this equation, we obtain the following functional equation for H n (x, δ, ε) (n ≥ 1),
because the LHS is a degree n + 2 polynomial in x with real coefficients which vanishes at x = y j . Here A n = A n (δ, ε), B n = B n (δ, ε) and C n = C n (δ, ε) are real constants:
This functional equation contains all the information of the equilibrium. The above functional equation (3.31) reduces to that of H n (x, δ) (3.6) in a proper limit ε → 0. This functional equation can be written as a difference equation,
The functional equation (3.31) implies (see Appendix) the three-term recurrence (2.90) for the deformed Hermite polynomial H n (x, δ, ε) with
34)
Since δ and ε are positive in this case (3.26), b n is also positive. From this three-term recurrence we obtain the differential equation for the generating function G(t, x, δ, ε) =
which is a third order linear differential equation with respect to t. The special case δ = 0
gives the original Hermite polynomial, H n (x, 0, ε) = (
. The value at the origin of the even polynomial shows a characteristic deformation pattern, see (2.93): 
and introduce a degree r polynomial in x, having zeros at {y 2 j }:
It is a two parameter deformation of the Laguerre polynomial such that
The equation for the equilibrium (2.63) can be written as (we replace r by n)
From this equation, we obtain the following functional equation for L (α)
n (x, γ, δ) (n ≥ 1),
because the LHS is i times a degree 2n + 2 even polynomial in y with real coefficients which vanishes at y = ±y j . Here
n (γ, δ) are real constants: 
In the δ → 0 limit, it becomes, n (x, γ, δ) satisfies the three-term recurrence (2.90) with a n = 2n + α + 1 + n(2n + 1) + 2nα + γ δ, (4.9)
n (x, γ, δ)
In this case (4.1), the parameter ranges are δ, γ > 0 and α > −1. So b n is positive. There-
n (x, γ, δ) is a set of orthogonal polynomials with respect to some positive definite inner product. From this three-term recurrence we obtain the differential equation for the
which is a third order linear differential equation with respect to t.
C r : For the solution {q j } of the C r equation (2.62), let us definē 13) and introduce a degree r polynomial in x, having zeros at {y 2 j }:
This is a deformation of the Laguerre polynomial such that lim
r (x), and obviously it is a special case of L (α)
n (x, γ, δ) (4.5) and will not be presented. The three-term recurrence for L (α)
The value at the origin shows a simple deformation pattern
(1 + jδ). 18) and introduce a degree r polynomial in x, having zeros at {y 2 j }:
The functional equation ofL
n (x, γ, δ) (4.5) and will not be presented. The three-term recurrence forL
D r : As in the Calogero systems, the D r is a special case g S = 0 of the B r theory described
, which has a zero at x = 0 for all r.
Quadratic Confining Potential Case (2 or 3 Parameter Deformation)
BC r : For the solution {q j } of the BC r equation (2.72), let us definē
It is a further deformation of the deformed Laguerre polynomial defined previously,
If we defineL
r (x, γ, δ 2 , δ 1 ). The equation for the equilibrium (2.72) can be written as (we replace r by n)
because the LHS is a degree 2n + 4 even polynomial in y with real coefficients which vanishes at y = ±y j . Here
n (γ, δ, ε) are real constants:
+ 2n(n + α) δ, (4.29) n (x, γ, δ, ε) satisfies the three-term recurrence (2.90) with,
n /n!, (4.32)
Here X 0 , X 1 and X 2 are X 0 = n(2n + 1) + 2nα + γ δ, (4.34)
35)
In this case (4.22), the parameter ranges are δ, ε, γ > 0 and α > −1. So b n is positive. From this three-term recurrence we obtain the differential equation for the generating function
n (x, γ, δ, ε),
which is an 8-th order linear differential equation with respect to t. The special case of δ = 0
gives the original Laguerre polynomial, L
C r : For the solution {q j } of the C r equation (2.71), let us definē
and introduce a degree r polynomial in x, having zeros at {y 2 j } :
This is a further deformation of the deformed Laguerre polynomial defined previously such that lim
r (x, δ) (4.14), and obviously it is a special case of L
The value at the origin shows a characteristic deformation pattern
B r : For the solution {q j } of the B r equation (2.70), let us definē
r (x, δ) (4.19), and obviously it is a special case of L
As in the Calogero systems, the D r is a special case g S = 0 of the B r theory described
Deformation of the identities : Before going to the systems with trigonometric potentials, let us present the one and two parameter deformation of the identities between the Hermite and Laguerre polynomials, (2.20) and (2.21), which could be considered as consequences of the folding (2.5)-(2.7) and (2.50)-(2.52) of the rational potentials. The one and two parameter deformation of the even degree identities (2.20) are
which are connected with the folding A 2r−1 → C r (2.5). The one and two parameter deformation of the odd degree identities (2.21) are 
and introduce a degree r polynomial in x having zeros at {cos 2q j } :
It is a deformation of the Jacobi polynomial (2.34) such that
3)
The equation for the equilibrium (2.88) can be written as (we replace r by n)
Sinceq j can be restricted to 0 ≤q j ≤ π/2, sin 2q j is sin 2q j = 1 − cos 2 2q j . From this equation, for −1 ≤ x ≤ 1, we obtain the following functional equation for P 5) because the LHS is i √ 1 − x 2 times a degree n + 2 polynomial in x with real coefficients which vanishes at x = cos 2q j . Here
real constants:
The functional equation ( 
In this case (5.1), the parameter ranges are δ > 0 and α > β > −1. So b n is positive. From this three-term recurrence we obtain the difference equation for the generating function
It is interesting to note that the three-term recurrence (5.9)-(5.10) simplifies drastically in a 'strong' coupling limit,
, a n = 0, (n ≥ 2), (5.15)
C r : For the solution {q j } of the C r equation (2.86), let us define 17) and introduce a degree r polynomial in x having zeros at {cos 2q j } :
It is a deformation of the Gegenbauer polynomial (2.35) such that 19) and obviously it is a special case of P (α,β) r (x, δ) with definite parity, ) n (x, δ) reads 
Obviously it is a special case of P (α,β) r (x, δ),
The functional equation and three-term recurrence ofP
n (x, δ) are obtained from those of P (α,β) n (x, δ). 
C
and introduce a degree r polynomial in x having zeros at {cos 2q j }:
It is a deformation of the Gegenbauer polynomial (2.35) with definite parity
The functional equation forC
(5.28)
) n (δ) and C n = C (α+ 1 2 ) n (δ) are real constants:
This functional equation contains all the information of the equilibrium.
The deformed Gegenbauer polynomialC
) n (x, δ) satisfies the three-term recurrence (2.90) (see Appendix) with a n = 0 , (5.32)
In this case (5.25), the parameters are δ > 0 and α > −1. So b n is positive. From this three-term recurrence we obtain the difference equation for the generating function
) n (x, δ) in a similar way to that of P (α,β) n (x, δ).
In a 'strong' coupling limit 
, (n ≥ 3). 
The functional equation forP
n (δ) are real constants:
The deformed Jacobi polynomialP
n (x, δ) satisfies the three-term recurrence (2.90) (see Appendix) with
In this case (5.38), the parameters are δ > 0 and α > −1. So b n is positive. From this threeterm recurrence we obtain the difference equation for the generating function
n (x, δ) in a similar way to that of P (α,β) n (x, δ).
, a n = 0, (n ≥ 2), (5.51)
As in the Sutherland systems, the D r is a special case g S = 0 of the B r theory described byP (−1) r (x, δ), which has a zero at x = ±1 for r ≥ 2.
Deformation of the identities : Before closing this section let us briefly discuss the deformation of the identities between the Chebyshev and Jacobi polynomials (2.37)- (2.38) and those between the Jacobi polynomials (2.39). As remarked in section 5.1, the Chebyshev polynomials describing the equilibrium of the A r−1 systems are not deformed in our scheme.
Therefore no deformation of the identities (2.37)-(2.38) exists. The folding D r+1 → B r (2.52) leads to the identity between the deformed Jacobi polynomialsP r+1 (x, δ) = r(x − 1)P (1) r (x, δ) , (5.53) which is a deformation of the identity (2.39). As remarked at the end of section 2.1, we have not been able to deform the identities between the Gegenbauer and Jacobi polynomials (2.40)-(2.41) as they do not seem to have a root theoretic explanation.
Among the deformed Jacobi polynomials P Both can be derived from the generating functions.
After a long and laborious search through existing literature, we find out that all the deformed orthogonal polynomials introduced in the main text can be related to particular members of the Askey-scheme of hypergeometric orthogonal polynomials [16] .
The deformed Hermite polynomial H n (x, δ) is related to the Meixner-Pollaczek polynomial P (λ)
n (x; φ) ( §1.7 of [16] ):
This identification allows a simple expression of its general term in terms of a (truncated) hypergeometric series 2 F 1 : 4) which is deformation of (2.18). The two-parameter deformation of the Hermite polynomial H n (x, δ, ε) (3.27) is a special case of the continuous Hahn polynomial ( §1.4 of [16] ):
The (two-parameter) deformed Laguerre polynomial L The deformed Jacobi polynomial P n (x, δ) simply correspond to the 'crystal ' limit q → 0+ of the Askey-Wilson polynomials (6.8), (6.11) and (6.13).
For all these polynomials discussed in the present paper, the general term can be expressed in terms of various hypergeometric functions 2 F 1 , 3 F 2 , 4 F 3 and 4 φ 3 . A Rodrigue type formula, the generating function and the weight function etc can be written down by using the general formulas of the Askey-scheme of hypergeometric orthogonal polynomials [16] .
As remarked repeatedly in the text, the equations determining the equilibrium positions, Laguerre :
X n (y) = (y 2 − a n − δ) (y 2 − a n )(g n+1 (y) − g n (y)) + δg n (y) −(y 2 − a n ) (y 2 − a n+1 )(g n+2 (y) − g n+1 (y)) + δg n+1 (y) − 4δ y 2 g n (y) −b n (g n (y) − g n−2 (y)) + b n+1 (g n+2 (y) − g n (y)) , (A.11)
Y n (y) = (y 2 − a n − 2δ)(g n+1 (y) − g n−1 (y)) − (y 2 − a n−1 )(g n−1 (y) − g n−2 (y)) −(y 2 − a n+1 )(g n+2 (y) − g n+1 (y)) , (A.12) Jacobi :
x − a n ) (x − a n )g n+1 (x) − ( 1+δ 1−δ
x − a n )g n (x)
−(x − a n ) (x − a n+1 )g n+2 (x) − (
−b n (g n (x) − g n−2 (x)) + b n+1 (g n+2 (x) − g n (x)) , (A.13)
x − a n )(g n+1 (x) − g n−1 (x)) + (x − a n−1 )g n−2 (x) − ( 1+δ 1−δ
x − a n−1 )g n−1 (x)
−(x − a n+1 )g n+2 (x) + (
(A.14)
It is easy to see X n (x) = Y n (x) = 0 by using the explicit forms of a n , b n and g n (x).
As the third step, we show the following: 
